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ABSTRACT
We investigate the direct contribution of the magnetic field to the gravitational wave
generation. To do so, we study the post-Newtonian energy-momentum tensor of themagnetized
fluid and the post-Newtonian expansion of the gravitational potential in the wave zone. We
show that the magnetic field appears even in the first post-Newtonian order of the multipole
moment tensor. Then, we find an explicit relativistic correction containing the magnetic field
contribution to the well-known quadrupole formula. As an application of this derivation, we
find that the B-field part of the gravitational waves released in the early stages of a millisecond
magnetar’s life can be as much as one-hundredth of the signals due to the deformed rotating
neutron stars. We show that although the event rate of this system is small, the signal would
lie in the sensitivity range of the next generation of detectors.
Key words: Gravitational waves, Magnetohydrodynamics (MHD), Relativistic processes,
Stars: magnetars
1 INTRODUCTION
Recently, a new episode in astronomy and astrophysics have been
started after detecting the gravitational waves (GWs) generated
from the binary black hole and binary neutron star (BNS) merg-
ers by LIGO and Virgo (Abbott et al. 2016a,b, 2017a,b,c). This
new window onto the universe which does not rely on the elec-
tromagnetic radiation would bring new information about it. There
are several astrophysical candidates for sources of GWs, e.g., the
gravitational collapse, deformed rotating neutron star (NS), binary
systems, quasi-normal modes of a black hole, and stochastic back-
ground, for a review on the subject see Sathyaprakash & Schutz
(2009); Bonazzola & Marck (1994). Among these sources, the co-
alescence of the binary systems produces the strongest GW, and the
current GW detectors can only observe these types of waves. Never-
theless, it is expected by constructing and progressively developing
space-based and ground-based interferometers, weaker signals can
be discovered in the near future (Sathyaprakash et al. 2012; Crow-
der & Cornish 2005; Sato et al. 2017). Furthermore, It is recently
shown in Abbott et al. (2020) that the contribution of the higher
multipoles is detectable in GW signals by the next generation GW
detectors. Therefore, a more detailed study of GWs emitted from
other sources seems to be necessary.
As we know, the deformed NS, as a possible source of GWs,
is of interest. This deformation can be induced by several phenom-
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ena. For example, the existence of the strong magnetic field inside
NS is believed to be flux frozen and independent of the spin of
the star (Bocquet et al. 1995; Bonazzola & Gourgoulhon 1996; Ioka
2001). This class of highly magnetized NSs is namedmagnetar. The
Soft Gamma Repeaters (SGRs) and the Anomalous X-ray Pulsars
(AXPs) are categorized as magnetar candidates (Duncan & Thomp-
son 1992; Thompson & Duncan 1993; Woods & Thompson 2006).
The order of magnitude of the magnetic field is estimated about
1015G on the surface of these systems (Melatos 1999; Makishima
et al. 2014). Moreover, magnetars may also be the remnant of BNS
mergers, e.g., see Metzger et al. (2018); Margalit et al. (2019). In
Usov (1992), Nakamura (1998), Kluźniak & Ruderman (1998), and
Wheeler et al. (2000), it is shown that even the maximum strength
of the magnetic field inside NS can be of the order ∼ 1018G. There
have been a lot of works on the modeling of the magnetar and
the configuration of its magnetic field in the context of the gen-
eral relativistic magnetohydrodynamics (GRMHD). For instance,
in Bonazzola et al. (1993), Bocquet et al. (1995), and Cardall et al.
(2001), the magnetic field only has the poloidal component, while
both toroidal and poloidal magnetic fields are considered in Ioka &
Sasaki (2004) and Ciolfi & Rezzolla (2013).
In the dipole model for magnetars, the inclination between the
magnetic dipole moment and the rotation axis of the magnetar can
induce the magnetic ellipticity and consequently produce GW. The
evolution of the angle between the magnetic and rotation axes are
also investigated (see e.g., Lander & Jones (2018) and references
therein). In fact, the asymmetric magnetic pressure and boundary
conditions of the magnetic field at the stellar surface distort the
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magnetar. Therefore, the rotation of the deformed star around the
non-principal axes generates GW, for more detail see e.g., Bonaz-
zola & Gourgoulhon (1996); Cutler (2002); Tomimura & Eriguchi
(2005); Haskell et al. (2008); Sieniawska & Bejger (2019). The el-
lipticities of the relativistic stars induced by a toroidal magnetic field
and rotation are also studied in Frieben & Rezzolla (2012). In this
particular context, by exploring the Lorentz force on the matter, the
shape of the ellipsoid can be found. By obtaining this quantity, the
quadrupole moment is then calculated, and finally, GWs in which
the effect of the magnetic field is considered can be immediately
deduced. Therefore, the main idea is to obtain the excited GWs by
taking into account the influence of the magnetic field on the matter
and the creation of an asymmetric structure by it. We call it the
"indirect" effect of the magnetic field on GWs.
On the other hand, the super-strong magnetic field around
magnetars appears as an asymmetric "mass-energy" distribution.
Therefore, in principle, it can "directly" contribute to GWs signals.
Indeed, a strong magnetic field can appear not only in the equa-
tion of motion of the system’s components and consequently in
GWs, as an indirect role, but also in the multipole moment of the
source. Therefore, it may directly change the final GW signals. As
we know, GW can be appropriately explained by applying the post-
Newtonian (PN) theory to the higher-order corrections (Poisson &
Will 2014). On other words, in this context, the PN expansion of
the multipole moment is constructed from its components, i.e., the
energy-momentum tensor, step by step to the required degree of
the accuracy. Finally, it forms the PN waveform of the GW signals.
This formalism is used to study the GW templates to 3.5PN order
(see Blanchet (2014) and references therein). This method is widely
applied to study the experimental foundations of general relativ-
ity (GR) (Thorne & Will 1971; Will 1971), gravitational radiations
from binary systems (Blanchet&Damour 1989; Blanchet&Schäfer
1989; Blanchet et al. 1995), equation of motion of binary systems
(Hulse & Taylor 1975; Blandford & Teukolsky 1976; Damour &
Taylor 1991), gravitational radiation reaction (Chandrasekhar & Es-
posito 1970; Burke 1971; Blanchet 2014), and so on. To see more
applications of this theory, we refer the interested reader to Will
(2014). In this context, the famous Einstein quadrupole formula is
the leading term of the exact GW signals. As mentioned before, the
important step to derive GW is to calculate the PN multipole mo-
ment of the source. To do so, one should have enough information
about the energy-momentum tensor of the system to the required
PN corrections. Therefore, by considering the role of the magnetic
field in the PN expansion of the energy-momentum tensor, one can
find the direct influence of the magnetic field on GW.
In the present work, by utilizing the results of Nazari & Roshan
(2018) where the PN energy-momentum tensor is obtained in the
presence of the electromagnetic field,we derive theB-field contribu-
tion to the PN expansion of the multipole moment and consequently
to the PN waveform of the GW signals. We show that the magnetic
field of the highly magnetized system can directly appear, at least,
in the first PN order, hereafter 1PN , of the quadrupole and 4-pole
moments. We apply these PN quadrupole and 4-pole moments to
obtain GWs generated by a single rotating magnetar. Here, we in-
vestigate the imprint of the magnetic field on GW signals up to the
1PN order. We leave the higher-order contributions of the magnetic
field, due to the multipole moments and the wave-zone part, for
future works.
It should be noted that these calculations are the first analytic
computation of the direct effect of themagnetic field onGW signals.
We analytically display that the magnetic field of the fast spinning
magnetar can be a potentially interesting source of GWs in the early
stages of its life. We estimate that this type of GWs may be strong
enough to be detected by the next generation of detectors, albeit
with a low event rate. In fact, as long as the magnetic and rotation
axes are not parallel, the magnetic field of this system itself can be
a GW emitter. On the other hand, because of the slow rotation of
the 23 well-known magnetars, T ∼ 10 s, and the weak amplitude of
GWs, of order ∼ 10−36, these systems do not seem to be the suitable
source for generating GW signals by virtue of the presence of the
magnetic field.
This paper is organized as follows. Sec. 2 is assigned to a brief
review. In this section, we specify the strategy of our calculations. In
Sec. 3, by utilizing the simple and realistic models, we display how
the magnetic field of the rotating magnetar can emit GW. Next, we
investigate the characteristic strain of the GW emissions generated
by the pure B-field part of the possible highly magnetized astro-
physical sources. Furthermore, we compare it with the sensitivity
range of the current and future GW detectors in Sec. 4. Finally, in
Sec. 5, we summarize the main results and conclude about them.
Furthermore, in order to avoid displaying too many equations, we
present most of the calculations in Appx. A.
Throughout this paper, the Greek indices vary from 0 to 3.
Also, the Latin indices stand for the coordinates x, y, and z. And
ηαβ = diag(−1, 1, 1, 1) is the Minkowskian metric. Moreover, in the
PN context, each order c−2 represents the 1PN correction.
2 GENERAL REVIEW: THE STRATEGY OF
CALCULATIONS
In this section, for the sake of convenience, we present a short
review and assemble the essential relations needed to study GWs
in the presence of the magnetic field. Let us start this short review
by recalling the main ingredients of PN gravity. In this context, the
velocity of the system elements is slow compared to the velocity
of light and the corresponding gravitational potential field is weak.
Furthermore, the calculations are restricted to the near zone where
the field point x is situated within the three-dimensional sphere
with radius R, i.e., x < R. Beyond this region called the wave zone,
i.e., x > R, post-Minkowskian theory (PM) is established. In the
modern approach of PN approximation, it is shown that PN theory
is embedded within PM theory.
In Subsec. 2.1, we briefly review the PN version of the mag-
netohydrodynamics which has been comprehensively studied in
Nazari & Roshan (2018). We first introduce the near-zone met-
ric of the spacetime within a PN charged fluid and the associated
PN gravitational potentials to 1PNorder. Then we obtain the effective
energy-momentum pseudo tensor in which the B-field contribution
is included. As illustrated in the next subsection, the components
of this pseudo tensor construct the foundation of the PN gravita-
tional potential, and consequently are helpful to investigate the GW
propagation.
In Subsec. 2.2, we recall the PN expansion of the gravitational
potential h jk in terms of its ingredients, i.e., themultipolemoments,
in PN gravity (Poisson & Will 2014). By considering the compo-
nents of the energy-momentum tensor, we estimate the PN order of
each multipole moment, and finally obtain the leading PN order in
which the magnetic field can have a contribution.We then introduce
the quadrupole formula that contains the B-field contribution.
MNRAS 000, 1–18 (2020)
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2.1 Post-Newtonian charged fluid
We begin in this subsection by reviewing the metric of a weakly
curved spacetime within the charged fluid in the context of PN the-
ory. In Nazari & Roshan (2018), we obtained the near-zone metric
in the PN limit where the characteristic velocity of system ingre-
dients, vc, is dramatically smaller than the velocity of light and
the relevant gravitational fields are weak. We took advantage of the
modern approach to PN theory where the harmonic gauge condition
is established, and constructed the PN metric from its bases, i.e.,
the gravitational potentials hαβ . The final result for the PN metric
including the magnetic field’s effect is
g00 = −1 + 2c2U +
2
c4
[
ψ +
1
2
∂ttX + 2B −U2
]
+O(c−6), (1a)
g0j = − 4c3U
j +O(c−5), (1b)
gjk = δ
jk
(
1 +
2
c2
U
)
+O(c−4), (1c)
(−g) = 1 + 4
c2
U +O(c−4), (1d)
whereU is the Newtonian gravitational potential and PN potentials
ψ, X , B, and U j are defined as
ψ (t,x) = G
∫
M
ρ∗′
(
3
2 v
′2 −U ′ + Π′
)
+ 3p′
|x − x′ | d
3x′, (2a)
X (t,x) = G
∫
M
ρ∗′ |x − x′ |d3x′, (2b)
B (t,x) = G
∫
M
1
2 µ0
B′2
|x − x′ | d
3x′, (2c)
U j (t,x) = G
∫
M
ρ∗′v′j
|x − x′ | d
3x′, (2d)
respectively. In these integrations, v is fluid’s velocity field,B is the
magnetic field, Π is the ratio of the proper internal energy density
 to the rescaled mass density ρ∗ given by
ρ∗ = ρ
[
1 +
1
2
( v
c
)2 ]
+O(c−4), (3)
and p is the thermal pressure. For more detailed discussions on
the derivation of this metric in the PN limit, we refer the reader to
section 2 of Nazari & Roshan (2018). Here, the primed variables
are considered at time t and position x′. Also, the domain of the
integrates, M, is a sphere with an arbitrary radius R which is
R < λc. λc is the characteristic wavelength of GWs generated by
the source.
In the modern approach of PN theory, the gravitational po-
tentials hαβ are constructed from the effective energy-momentum
pseudotensor ταβ = (−g) (Tαβ + tαβLL + t
αβ
H ) (Poisson &Will 2014).
As we shall see in the following, for calculating the contribution of
electromagnetic fields to the emission of GW, it is necessary to
have enough information about ταβ . As shown in Poisson & Will
(2014), this effective pseudotensor is constructed from the energy-
momentum tensor, Tαβ , the Landau-Lifshitz, and harmonic-gauge
pseudotensors, i.e., (−g)tαβLL , and (−g)t
αβ
H , respectively. In Nazari
& Roshan (2018), we showed that the electromagnetic fields do not
appear in the latter pseudotensors to the 1PN approximation. So, we
drop these terms and build the effective energy-momentum pseu-
dotensor from the rest of its ingredients, i.e., from (−g)Tαβ .
Because of the presence of electromagnetic fields in this
problem, Tαβ includes both the matter and B-field contributions,
Tαβ = Tαβfluid +T
αβ
field. For the matter portion, we assume that fluid is
perfect. So we have
Tαβfluid =
(
ρ +

c2
+
p
c2
)
uαuβ + pgαβ, (4)
where uα = γ (c, v) is the velocity field in which γ = u0/c. Fur-
thermore, the contribution of electromagnetic fields to the energy-
momentum tensor in terms of the electromagnetic field tensor Fαβ ,
is expressed as
Tαβfield =
1
µ0
(
FαµFβµ −
1
4
gαβFµνFµν
)
, (5)
where µ0 is the vacuum permeability. The components of Fαβ
are given by F0j = c−1E j and Fi j =  i jkBk . Here,  i jk is the
permutation symbol, and the electric E and magnetic B fields are
measured in the laboratory framework. By utilizing the components
of the metric (1a)-(1c), we obtain the covariant components of the
electromagnetic field tensor
F0i = −E
i
c
+
4
c3
(U ×B)i +O(c−5), (6a)
Fi j = i jkB
k
(
1 +
4U
c2
)
+O(c−4), (6b)
and consequently find the energy-momentum tensor as
T00 = c2ρ∗
[
1 +
1
c2
( v2
2
+ Π −U
)]
+
B2
2µ0
+O(c−2), (7a)
T0j = cρ∗v j
[
1 +
1
c2
( v2
2
+ Π −U + p
ρ∗
)]
+
1
µ0c
(E ×B)j +O(c−3), (7b)
T jk = ρ∗v jvk
[
1 +
1
c2
( v2
2
+ Π −U + p
ρ∗
)]
+ p
(
1 − 2U
c2
)
δ jk
− 1
µ0c2
[
E jEk − E
2
2
δ jk
]
− 1
µ0
[
B jBk − B
2
2
δ jk
] (
1 +
2U
c2
)
+O(c−4), (7c)
after combining Tαβfluid and T
αβ
field. Since T
αβ
field is traceless, then there
are magnetic contributions inT00 andT jk with the same PN orders.
One can easily obtain the effective energy-momentum pseudotensor
by multiplying above components by Eq. (1d).
2.2 Gravitational waves
The main task to find the GW field is to obtain the space-space
component of the gravitational potentials hαβ in the far-away wave
zone where the radiative aspects are important. 1
In the PN context, the gravitational potentials h jk in the far-
away wave zone are given by
h jk =
2G
c4Rd
∂2
∂τ2
{
Q jk +Q jkaNa +Q jkabNaNb (8)
+
1
3
Q jkabcNaNbNc + · · ·
}
+
2G
c4Rd
{
P jk + P jkaNa
}
,
1 In chapter 6 and 7 of Poisson & Will (2014), it is comprehensively
described that by applying the Landau-Lifshitz formulation of the Einstein
field equations, known as the modern approach to PN theory, how one can
obtain hαβ in the near and wave zones.
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in which Q jk , Q jka , Q jkab , and Q jkabc are the multipole mo-
ments, and P jk and P jka are surface integrations given by Eqs
(11.119a)-(11.120b) in Poisson & Will (2014), respectively. In the
above relation, N = x/Rd is a unit vector in the x direction,
Rd = |x| is the distance to the field point x, and τ = t − Rd/c is
the retarded time. Moreover, the multipole moments and surface
integrations are functions of τ only, and the source of them, i.e.,
ταβ is a function of τ and x′ where x′ < R. And h jk is a function
of τ and x located in the wave zone, x > R.
As mentioned previously, the goal of this paper is to survey
the direct contribution of the electromagnetic fields to GW. In the
following, we estimate the order of magnitude of the multipole
moments and surface integrals, and specify the terms containing
electromagnetic effects that appear in the gravitational potential.
By considering Eqs. (7a)-(7c) and the definition of the multipole
moments, we can symbolically indicate the cn orders as Q jk =
c0A1+c−2A2+· · · in which themagnetic field has a portion in order
c−2,Q jka = c−1B1+c−3B2+· · · in which the electric andmagnetic
fields both contribute at order c−3, Q jkab = c−2C1 + c−4C2 + · · ·
in which the magnetic field has portions in orders c−2 and c−4 and
the electric field has only a portion of order c−4, and Q jkabc =
c−3D1 + c−5D2 + · · · in which the magnetic field has portions in
orders c−3 and c−5 and the electric field contribution is of order
c−5. For the surface integrals, by taking into account Eq. (7c), we
see that P jk = c0E1 + c−2E2 + · · · where the magnetic field has
portions in orders c0 and c−2 and P jka = c−1F1 + c−3F2 + · · ·
where the magnetic field contributes at orders c−1 and c−3.
Here, as a good approximation, we assume that M is suffi-
ciently large so that it contains the matter distribution and its asso-
ciated electromagnetic fields. Therefore, the matter distribution, as
well as the electromagnetic fields, can be ignored on its boundary,
∂M. Consequently, the magnetic field contributions due to the sur-
face integrals P jk and P jka evaluated on ∂M, which are of orders
0PN, 0.5PN, 1PN, and 1.5PN, may be automatically omitted from the
gravitational potential. Keeping this fact in mind and considering
the estimations listed above, we deduce that the magnetic field plays
a role at least in 1PNorder in the multipole momentsQ jk andQ jkab .
In the present work, as a preliminary evaluation of the direct influ-
ence of the magnetic field on the GW fields, we only endeavor to
compute the dominant terms in the definition of Q jk and Q jkab .
It should be added that the source of Eq. (8), ταβ , is a function
of τ and x′ where x′ < R. This relation in fact represents the
near-zone portion of the total potentials h jk = h jkN + h
jk
W which is
evaluated in thewave zone. Therefore, to compute the potentials, one
should obtain the wave-zone contribution to h jk . In this case, both
the field and source points lie within the wave zone, i.e., x > R
and x′ > R. Here, by a simple estimation, we clarify that the
electromagnetic field contribution to h jkW can be at least of 2.5
PN order and consequently does not play a role in the required 1 PN
correction.Aswe know, in addition to the sources situated in the near
zone, the wave-zone field energy can emit GW. This part of the GW
field is known as the tails. It is shown that for the typical systems, i.e.,
when the relevant system has no electromagnetic fields, the energy
of the matter field constructs the wave-zone portion of GW signals
and consequently the tails are of the order of 1.5PN (the tails and their
PN order are comprehensively obtained in Sec. 11.3.7 of Poisson &
Will (2014).) On the other hand, if we choose a system associated
with an electromagnetic field, its energy will be at least of the order
O(c−2) compared to the matter field energy. Therefore, one can
roughly estimate that electromagnetic field portion of h jkW is a term
of c−3 × c−2 order (2.5 PNcorrection). Accurate computation of this
correction and its PN order require long and tedious calculations
that are beyond the scope of this paper. So, here, we benefit this
estimation and leave more detailed calculations for a future work.
Therefore, by considering the above-mentioned points, Eq. (8)
reduces to
h jk =
2G
c4Rd
( ÜQ jk + ÜQ jkabNaNb ), (9)
in which overdots represent the second derivative with respect to
the retarded time τ and
Q jk =
∫
M
[
ρ∗ + 1
c2
(
ρ∗
( 1
2
v2 + Π + 3U
)
+
B2
2µ0
)]
x j xkd3x
− 7
8piGc2
∫
M
∂mU∂mUx j xkd3x +O(c−4), (10a)
Q jkab = (10b)
1
c2
∫
M
[
ρ∗v jvk + pδ jk − 1
µ0
(
B jBk − 1
2
B2δ jk
)]
xaxbd3x
+
1
4piGc2
∫
M
(
∂ jU∂kU − 1
2
δ jk∂mU∂mU
)
xaxbd3x +O(c−4),
can be obtained by inserting Eqs. (1d) and (7a) within the definition
of Q jk and Eq. (7c) within the definition of Q jkab , respectively.
For simplicity, we dropped the prime marks in the integrands. The
second integrals in Eqs. (10a) and (10b) come from the Landau-
Lifshitz and harmonic-gauge pseudotensors (Poisson &Will 2014).
It should be recalled that electromagnetic fields do not emerge in
the Landau-Lifshitz and harmonic contributions at 1PNorder. In the
following, for simplicity and to clearly reveal the significant role of
themagnetic field,we ignore the other 1PN terms in the integrals (10a)
and (10b) that come from the matter portion and only compare 1PN
B-field signals with the leading material contribution. So, we finally
arrive at
I jk = I jkM + I
jk
F , (11a)
Q jkab = Q jkabF + δ jkIabF , (11b)
where
I jkM (τ) =
∫
M
ρ∗ (τ,x) x j xkd3x, (12a)
I jkF (τ) =
1
2µ0c2
∫
M
B2 (τ,x) x j xkd3x, (12b)
Q jkabF (τ) = −
1
µ0c2
∫
M
B j (τ,x) Bk (τ,x) xaxbd3x. (12c)
Eq. (11a) exhibits the leading order only including the matter and
B-field contributions, i.e., I jkM and I
jk
F respectively, to the PN ex-
pansion of Q jk . Similarly, Eq. (11b) represents the B-field portion
of the PN expansion of Q jkab . Here, we choose the notations I jk ,
known as the mass quadrupole-moment tensor, and Q jkab for these
leading contributions. In fact, we carry out our calculation beyond
the famous quadrupole formula h jkM =
(
2G/c4Rd
) ÜI jkM by incorpo-
rating I jkF and Q jkab into this relation.
It should be stressed that some part of Q jkab which is pro-
portional to δ jk , has no contribution to the transverse-tracefree
piece of h jk and consequently to the GW field. So, hereafter, we
drop this term and reduce Eq. (11b) to Q jkab = Q jkabF . There-
fore, in summary, to find the direct effect of the magnetic field on
GWs, the transverse-tracefree piece of h jkF =
(
2G/c4Rd
) ( ÜI jkF +
ÜQ jkabF NaNb
)
must be calculated. In Sec. 3, we attempt to obtain
this part of the GW field for a single rotating magnetar.
MNRAS 000, 1–18 (2020)
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3 ROTATING MAGNETAR
As a possible source of the GW emission, we investigate the rotating
NS. Since our goal is to study the contribution of the magnetic field
to GW signals, we assume that NS is highly magnetized and its
B-field magnitude is about ∼ 1015 G. As we know, this type of NS
is called magnetar. In Subsec. 3.1, by introducing a simple model,
the vacuum rotating dipole model, we attempt to describe the B-
field configuration inside and outside NS. Utilizing this model, we
display how GW can change in the presence of such B-field shape.
In Subsec. 3.2, we evaluate the behavior of GWs generated by the
B-field part of the rotating magnetar and compare this portion with
those of the matter part. Then we compare the results obtained from
this simple model with a more realistic model where the magnetar
has a corotating dense magnetosphere in Subsec. 3.3. This compar-
ison reveals that the results of the simple model are reliable and
can be used to interpret GWs emitted from the magnetic field of the
real magnetar up to 1PN order. Finally, in Subsec. 3.4, applying the
results of this section, we study the millisecond and 21 well-known
magnetars2 and obtain the amplitude of GW signals which can be
produced by these systems.
3.1 Simple model
In this subsection, we launch our calculation by choosing a normal
model simply describing the configuration of the magnetic field
inside and outside of magnetars. Since our goal is to study analyt-
ically the role of the magnetic field in GW signals, it makes sense
to choose the simplest B-field configuration as the first step in this
route. We consider that in the absence of rotation, a star is a uni-
formly magnetized sphere with a constant magnetization µm given
by
µm = µmer, (13)
in which µm is a constant parameter and er is a constant unit vector
indicating the direction of µm. For the magnetic dipole moment,
we havem = (4pi/3) a3µm where a is the radius of the star. This
magnetized star produces the uniform magnetic field inside and the
dipole form outside the star (Jackson 2007). So we have
Bin =
2
3
µ0µm for r < a, (14a)
Bout(x) = µ04pi
3n (m · n) −m
r3
for r > a, (14b)
where n = x/r is the unit vector in the direction x, and r = |x|.
Also, we assume that this star rigidly rotates around one of its
principal axes with the angular velocity Ω. Here, without loss of
generality, the z-axis is chosen to be parallel to the rotation axis.
Here, we also assume that µm is not necessarily parallel to Ω and
the angle between them remains constant. Therefore, the moving
magnetic axis, which is along the magnetization, creates a cone
around the z-axis. For simplification, there is no magnetosphere
around the magnetar in this description. In fact, we consider a
rotating dipole toy model in the vacuum for magnetars. Of course,
in the following subsection, we will discuss a more realistic model.
It should be noted that this simple model of the B-field con-
figuration is also applied in Bonazzola & Gourgoulhon (1996). It
is shown that in the general case, because of the magnetic stresses,
2 As we know, so far the 23 candidates have been introduced for the mag-
netars. But, as reported in Olausen & Kaspi (2014), we do not have enough
information to calculate the GW signals form two cases of these systems.
the Newtonian fluid star is deformed and has the triaxial ellipsoid
shape that rotates around an axis being none of its principal axes.
However, here, for the sake of simplification, we choose that Ω of
this deformed star coincides with one of its principal axes. Further-
more, in contrast to the case of the magnetically deformed star, we
consider the general case in which in addition to the magnetic field,
the distortion of the star can be induced by other physical phenom-
ena. In the following subsections, we compare our results with both
this general case and the magnetically deformed star.
In order to find GWs emitted by the magnetic field of this
system, as a first task, we should derive the B-field contribution of
the quadrupole and 4-pole moments, i.e., I jkF and Q
jkab
F , respec-
tively. We first find these tensors in the coordinate frame that rotates
with the star. We indicate this corotating frame with (x, y, z). Then,
by using the appropriate coordinate transformation, we obtain the
corresponding tensors in the non-rotating frame which is shown
by (x′, y′, z′). To do so, we rewrite the magnetization µm in the
Cartesian coordinate system as
µm = µm
(
sin θ0 cos ϕ0ex + sin θ0 sin ϕ0ey + cos θ0ez
)
, (15)
where θ0 and ϕ0 are the angles between the magnetization and z
and x-axes in the rotating frame, respectively. Then, by inserting
the above relation within Eqs. (14a) and (14b), we obtain B2in and
B2out as
B2in =
4
9
µ20µ
2
m, (16a)
B2out =
a6
9r6
µ20µ
2
m
[
3
(
cos θ cos θ0
+ cos (ϕ − ϕ0) sin θ sin θ0
)2
+ 1
]
, (16b)
respectively. Where θ and ϕ uniquely determine the direction of
the unit vector n. We are now in a position to obtain Eq. (12b) in
the rotating frame. To carry out the integration over sphereM, we
separate the domain of the integral into two regions, the interior and
exterior of the star. So, for Eq. (12b), we have
I jkF (τ) =
1
2µ0c2
∫
M
B2 (τ,x) x j xkd3x (17)
=
1
2µ0c2
[∫
r<a
B2in (τ,x) x j xkd3x +
∫
r>a
B2out (τ,x) x j xkd3x
]
.
In the following, by substituting Eqs. (16a) and (16b) into the
above relation, we derive the x-x component of I jkF . For other
components, the same method as the one introduced here will be
applied. We obtain IxxF as
IxxF =
1
2µ0c2
[∫
r<a
B2in x
2d3x +
∫
r>a
B2out x
2d3x
]
=
1
2µ0c2
[ ∫
fin (θ, ϕ) dΩ
∫ a
0
r4dr
+
∫
fout (θ, ϕ) dΩ
∫ R
a
r−2dr
]
, (18)
where fin
(
θ, ϕ
)
= B2in sin
2 θ cos2 ϕ, fout
(
θ, ϕ
)
=
r6B2out sin
2 θ cos2 ϕ, and dΩ = sin θdθdϕ is an element of
the solid angle. As seen, the calculation of these integrals is
straightforward. The only remarkable point in this calculation is
that, after deriving the radial integral related to the star exterior,
we can freely discard R-dependent terms. In fact, in the modern
approach of PN approximation, it is shown that the R-dependent
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terms of the wave-zone contribution cancel the corresponding terms
arising from the near-zone part. So, one can remove these terms
from the final answer. This cancellation is justifiably introduced in
chapters 6 and 7 of Poisson & Will (2014). By using this method
and consequently dropping the R-dependent term, we finally arrive
at
IxxF = A0
(
9 − cos 2θ0 + 2 sin2 θ0 cos 2ϕ0
)
, (19)
where A0 = 1c2
pi
45 µ0µ
2
ma
5. The other components of I jkF can be
similarly calculated as follows
IyyF = A0
(
9 − cos 2θ0 − 2 sin2 θ0 cos 2ϕ0
)
, (20a)
IzzF = 2A0 (5 + cos 2θ0) , (20b)
IxyF = 2A0 sin2 θ0 sin 2ϕ0 , (20c)
IxzF = 2A0 sin 2θ0 cos ϕ0 , (20d)
IyzF = 2A0 sin 2θ0 sin ϕ0 . (20e)
To obtain the components of the 4-pole moment Q jkabF , we utilize
the same method as mentioned above. We present the results in
Appx. A.
One can see that, as expected, these components do not de-
pend upon the time. Therefore, if this system does not rotate, GW
cannot be generated by a static and uniformly magnetized sphere.
Now, we assume that this sphere rigidly rotates. So, by utilizing the
transformation (x, y, z) −→ (x′, y′, z′) which is given by
x′ = x cosΩt − y sinΩt, (21a)
y′ = x sinΩt + y cosΩt, (21b)
z′ = z, (21c)
and then applying the tensor transformation law
Ia′b′ = ∂x
a′
∂x j
∂xb
′
∂xk
I jk, (22)
Q j′k′l′m′ = ∂x
j′
∂xa
∂xk
′
∂xb
∂xl
′
∂xc
∂xm
′
∂xd
Qabcd, (23)
we can find the components of I jkF and Q
jkab
F in the non-rotating
frame. For I j′k′F , we have
Ix′x′F = A0
(
9 − cos 2θ0 + 2 sin2 θ0 cos 2(Ωt + ϕ0)
)
, (24a)
Iy′y′F = A0
(
9 − cos 2θ0 − 2 sin2 θ0 cos 2(Ωt + ϕ0)
)
, (24b)
Iz′z′F = 2A0 (5 + cos 2θ0) , (24c)
Ix′y′F = 2A0 sin2 θ0 sin 2 (Ωt + ϕ0) , (24d)
Ix′z′F = 2A0 sin 2θ0 cos (Ωt + ϕ0) , (24e)
Iy′z′F = 2A0 sin 2θ0 sin (Ωt + ϕ0) . (24f)
The components of the 4-pole-moment tensor in the non-rotating
frame are given by Eqs. (A4)-(A7).
According to Eq (9), the next task is to evaluate the second time
derivatives ofI j′k′F andQ
j′k′a′b′
F . However, let us first introduce the
matter part of the quadrupole moment, i.e., I jkM and complete the
total form of I jk . This portion is completely derived in chapter 11
of Poisson &Will (2014). We very briefly review these calculations
here. As shown in this reference, for a deformed rotating star, the
non-vanishing components of the quadrupole-moment tensor I jkM
are given by
Ix′x′M =
1
2
I3 − 12 (I1 − I2) cos 2Ωt, (25a)
Iy′y′M =
1
2
I3 +
1
2
(I1 − I2) cos 2Ωt, (25b)
Iz′z′M =
1
2
(I1 + I2 − I3) , (25c)
Ix′y′M = −
1
2
(I1 − I2) sin 2Ωt, (25d)
in the non-rotating frame. In the above equations, I1, I2, and I3 are
the principle moments of inertia which are respectively illustrated
as
I1 =
∫
M
ρ∗(x)
(
y2 + z2
)
d3x = IyyM + IzzM , (26a)
I2 =
∫
M
ρ∗(x)
(
x2 + z2
)
d3x = IxxM + IzzM , (26b)
I3 =
∫
M
ρ∗(x)
(
x2 + y2
)
d3x = IxxM + I
yy
M , (26c)
in terms of IxxM , I
yy
M , and IzzM in the corotating frame. It is worth
noting that in this case, it is assumed the x-axis shows the direction
of the largest axis of the star. In fact, by this assumption, we consider
that the magnetic field lines are not parallel with the deformation
direction of the star, i.e., θ0 , pi/2 and ϕ0 , 0. For example, one can
consider a system that strong factors such as the centrifugal force
and internal thermal pressure and also external factors such as the
tidal force from a nearby system may cause to deform in different
directions from those of the magnetic field. So, by considering these
effects, the above assumption is not far from reality.
Now, we return to find the GW field. To do so, we first in-
tegrate Eqs. (24a)-(24f) and (25a)-(25d) and construct the com-
ponents of Ia′b′ . Then by evaluating the time derivatives of the
total quadrupole-moment tensor Ia′b′ , after some manipulations,
we obtain the nonzero components as
ÜIx′x′ = 2MI3Ω2 cos 2Ωt − 8A0Ω2 sin2 θ0 cos 2 (Ωt + ϕ0) , (27a)
ÜIy′y′ = −2MI3Ω2 cos 2Ωt + 8A0Ω2 sin2 θ0 cos 2 (Ωt + ϕ0) ,
(27b)
ÜIx′y′ = 2MI3Ω2 sin 2Ωt − 8A0Ω2 sin2 θ0 sin 2 (Ωt + ϕ0) , (27c)
ÜIx′z′ = −2A0Ω2 sin 2θ0 cos (Ωt + ϕ0) , (27d)
ÜIy′z′ = −2A0Ω2 sin 2θ0 sin (Ωt + ϕ0) , (27e)
in which M = (I1 − I2) /I3 is know as the ellipticity parameter
measuring the deformation of the body. In the next step, we obtain
the components of ÜQ j′k′a′b′F . As this part of the calculation is very
long, we have removed it from the main text of this paper and
introduced these terms in Appx. A.
Substituting Eqs. (27a)-(27e) and (A8)-(A10) into Eq. (9), af-
ter some manipulations, we obtain the components of the gravita-
tional potential h jk . Therefore, as a final task in this subsection, we
should find the transverse-tracefree piece of this tensor, namely h jkTT,
needed to build the GW field. To do so, we extract two independent
polarizations of the GW tensor h jkTT, i.e., h+ and h×, which exist
on the transverse subspace. In order to demonstrate this subspace,
it is common to introduce a "detector-adapted" frame (X,Y, Z). It
is assumed that the origin of this frame coincides with the origin
of non-rotating frame (x′, y′, z′). Also, the Z-axis represents the
direction of the GWs propagation toward the GW detector, and it is
orthogonal to the transverse subspace (X,Y ). The angle between Z
and z′ axes is shown by ι. This angle is called the inclination angle.
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Moreover, in the detector frame, the X-axis is the intersection of the
plane of the sky with the equatorial plane of the star. As mentioned
before, it is considered that, in the rotating coordinate system, the
x-axis is parallel to the long axis of the deformed star. At t = 0
when x′ = x, the angle between X and x′ axes is exhibited by ω.
The bases of this new frame are given by
eX =
[
cosω,− sinω, 0], (28a)
eY = [cos ι sinω, cos ι cosω,− sin ι] , (28b)
eZ = [sin ι sinω, sin ι cosω, cos ι] , (28c)
in terms of the bases of the non-rotating frame, and h+ and h× can
be produced in terms of eX and eY building the transverse subspace
as follows (Poisson & Will 2014)
h+ =
1
2
(
e j
X
ekX − e jY ekY
)
hjk, (29a)
h× =
1
2
(
e j
X
ekY + e
j
Y
ekX
)
hjk . (29b)
Now, we have enough material to construct h+ and h×. Insert-
ing Eqs. (27a)-(28c) and (A8)-(A10) within definition (29a), after
some simplifications, we find the plus polarization as
h+ =
1
2
h0M
(
1 + cos2 ι
)
cos 2 (Ωτ + ω)
− h0F sin θ0
[
sin θ0
(
1 + cos2 ι
)
cos 2 (Ωτ + ω + ϕ0)
+ cos θ0 cos ι sin ι sin (Ωτ + ω + ϕ0)
]
, (30)
where
h0M =
4GMI3Ω2
c4Rd
, (31a)
h0F =
32GA0Ω2
21c4Rd
, (31b)
are the matter and B-field parts of the GW amplitude, respectively.
In fact, h0F is the 1PN correction to the well-known GWs amplitude
of the deformed rotating star, h0M, by virtue of the presence of the
magnetic field. Definition h0F is one of our main results. We also
introduce two scale-free polarizations for this component as
H+M =
1
2
(
1 + cos2 ι
)
cos 2 (Ωτ + ω) , (32a)
H+F = − sin θ0
[
sin θ0
(
1 + cos2 ι
)
cos 2 (Ωτ + ω + ϕ0)
+ cos θ0 cos ι sin ι sin (Ωτ + ω + ϕ0)
]
. (32b)
H+M and H+F reveal the matter and B-field portions of the GW
propagation in terms of the retarded time, respectively. To extract
the cross polarization, we use the same method as explained before.
So, for this component, we finally arrive at
h× = h0M cos ι sin 2 (Ωτ + ω)
+ h0F sin θ0
[
cos θ0 sin ι cos (Ωτ + ω + ϕ0)
− 2 sin θ0 cos ι sin 2 (Ωτ + ω + ϕ0)
]
. (33)
Here, we also introduce two scale-free polarizations H×M and H×F
as
H×M = cos ι sin 2 (Ωτ + ω) , (34a)
H×F = sin θ0
[
cos θ0 sin ι cos (Ωτ + ω + ϕ0)
− 2 sin θ0 cos ι sin 2 (Ωτ + ω + ϕ0)
]
. (34b)
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Figure 1. Phase difference diagram. In the left and right panels, the colored
curves exhibit H+F and H×F in terms of different values of ϕ0, respectively.
In these panels, the dashed curve shows the corresponding scale-free polar-
ization of the matter part. Also, we assume that ι = pi/3, ω = pi/4, and
θ0 = pi/4.
Therefore, according to Eqs. (30) and (33), the plus and cross
polarizations of the transverse-tracefree part of the gravitational
potential/the GW field, h jkTT, is obtained. In summary, by choosing a
vacuum dipole model for magnetars, we find the direct contribution
of themagnetic field to theGWfield to the 1PNorder. In the following
subsection, we study H+F and H×F and compare these components
with those of the matter part. We discuss the amplitudes of GW, i.e.,
h0M and h0F, in Subsec. 3.4.
3.2 Discussion
In the previous subsection, we have derived the structure of the
plus and cross polarizations which contain the matter and B-field
portions, and we have shown the dependency of these polarizations
on the angles ι, ω, θ0, and ϕ0. In this subsection, in order to grasp
the behavior of GW emitted from the rotating magnetized star, we
attempt to study the scale-free polarizations. We postpone our main
discussion on the amplitude of GW signals until Subsec. 3.4, where
we study the known magnetars and find h0F for each system.
We first evaluate the imprint of the angle ϕ0 in the B-field part
of GW. At first glance, it seems that this phase shift ϕ0 is of no
physical importance. However, as we will show, wave contributions
of the matter and magnetic parts interfere with each other, and ϕ0
controls the final intensity of the outcome. To simplify the following
calculations, let us rewrite the scale-free polarization H+F as the
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following complex form
H+F = α1
(
e2i(Ωτ+ω+ϕ0) + e−2i(Ωτ+ω+ϕ0)
)
+ iα2
(
e−i(Ωτ+ω+ϕ0) − ei(Ωτ+ω+ϕ0)
)
= e2i(Ωτ+ω)
(
α1e
2iϕ0 − iα2e−i(Ωτ+ω−ϕ0)
)
+ e−2i(Ωτ+ω)
(
α1e
−2iϕ0 + iα2ei(Ωτ+ω−ϕ0)
)
, (35)
inwhichα1 = −1/2 sin2 θ0
(
1+cos2 ι
)
andα2 = −1/8 sin 2θ0 sin 2ι.
By utilizing this form of the wave, we easily obtain the amplitude α
and phase shift f of H+F as
α =
α1e2iϕ0 − iα2e−i(Ωτ+ω−ϕ0)
=
√
α21 + α
2
2 − 2α1α2 sin(Ωτ + ω + ϕ0), (36)
and
f = tan−1
(
α1 sin 2ϕ0 − α2 cos(Ωτ + ω − ϕ0)
α1 cos 2ϕ0 + α2 sin(Ωτ + ω − ϕ0)
)
, (37)
respectively. Therefore, Eq. (35) can be rewritten as
H+F = ±α
(
ei[2(Ωτ+ω)+ f ] + e−i[2(Ωτ+ω)+ f ]
)
. Comparing this
equation with the complex form of H+M, i.e., H+M =
1/4
(
1 + cos2 ι
) (
e2i(Ωτ+ω) + e−2i(Ωτ+ω)
)
reveals that there is a
time-dependent phase difference f between these two parts of GWs.
It should be mentioned that the phase shift f is also a function of
the angles ι, ω, θ0, and especially ϕ0. Similarly, it can be shown
that there is a phase difference
g = − tan−1
(
α3 sin(Ωτ + ω − ϕ0) + α4 cos 2ϕ0
α3 cos(Ωτ + ω − ϕ0) + α4 sin 2ϕ0
)
, (38)
between the matter and B-field parts of the cross polarization, i.e.,
H×M and H×F respectively. Here, α3 = 1/4 sin 2θ0 sin ι and α4 =
− sin2 θ0 cos ι. In the following, to study the pure effect of ϕ0 on
these phase shifts, we will fix the amount of ι, ω, θ0 and investigate
f (τ, ϕ0) and g(τ, ϕ0).
We plot the plus and cross scale-free polarizations in the left
and right panels of Fig. 1, respectively. Hereafter, for simplification,
we exhibit these components in terms of the dimensionless retarded
time, τ/T , which is divided to the rotational period of the star,
T = 2pi/Ω. In Fig. 1, the dashed curves belong to the matter part of
GWs and the solid ones illustrate the B-field part. Comparing the
dashed curve with the colored ones in both panels reveals that by
changing ϕ0, the matter and B-field parts of GWs can be partially
constructive/destructive. So, for the various value of ϕ0, partial
interferences can happen. It should be noted that, in this case, ϕ0
is actually the angle between the magnetization and the long axis
of the deformed star. In fact, as we mentioned earlier, NS is not
necessarily deformed in the direction of the magnetic field lines
and consequently ϕ0 , 0. So, under this physical circumstance, the
partial interferences may happen.
Another important parameter is the angle between the magnetic
dipole µ and the rotation axis of the star, i.e., θ0. It is clear that if
θ0 = 0, then the magnetic field will not contribute to GW. To see the
impact of this parameter, in Figs. 2 and 3, we exhibit Eqs. (32b) and
(34b) in terms of dimensionless retarded time and θ0, respectively.
Also, in each figure, the evolution of the gravitational waveform
is represented in terms of the inclination angle ι. In both figures,
we can see that by increasing ι from 0 to pi/2, the contribution of
the magnetic field to the amplitude of GW is reduced continuously.
Moreover, as expected, this is also the case for the matter part of
GWs. To see this effect, we also plot H+M and H×M in terms of ι in
Fig. 4. The decline of the amplitude ismore violent for thematter and
B-field pieces of the cross polarization (See Fig. 3 and the bottom
panel of Fig. 4). In fact, when the rotation axis is perpendicular to
the line-of-sight, the GW detector receives very weak waves from
both matter and B-field contributions.
As seen from Fig. 2, for ι = n pi/2 in which n = 0, 1, 2, . . . , in
the interval of time τ ∈ (0,T), i.e., in each rotation of the star, two
GWs are propagated by virtue of the magnetic field of the star. This
fact can be easily inferred from Eq. (32b). Apart from these angles,
we observe one pattern of the wave for the plus polarization at each
period (see the top right and bottom left panels in Fig. 2) while for
H+M, for each value of ι, two waves are emitted per each rotation of
the star. Furthermore, in Fig. 2, it is seen as long as themagnetic axis
is parallel to the rotation axis, i.e., θ0 = npi where n = 0, 1, 2, . . . ,
the B-field part of the plus polarization vanishes. Moreover, for all
values of ι, the strongest waves occur at the vicinity of θ0 = pi/2.
In Fig. 3, it is shown that for ι = npi in which n = 0, 1, 2, . . . ,
the period of H×F is half the rotational period of the star. So, as seen
from the top left panel in this figure, two gravitational radiations
are generated per each rotation of the star by virtue of the presence
of the magnetic field associated with the star. Apart from these
angles, each rotation of the star creates only one repeating pattern.
However, for the corresponding component of the matter source,
except at the vicinity of ι = pi/2, two waves are emitted at the time
interval 0 to T . This fact can be easily followed in Fig. 3 and the
bottom panel of Fig. 4. It should be mentioned that, unlike the plus
polarization, the maximum and minimum of the cross polarization
are not necessarily created at the particular angle θ0 = pi/2. As
it is evident from Fig. 3, by increasing ι, the peaks of the wave
are displaced, and the amplitude of the cross polarization decreases
continuously. Eventually, when ι = pi/2, it completely wipes out
at θ0 = pi/2 (see the bottom right panel in Fig. 3). In this specific
inclination angle, two patterns whose peaks are in θ0 ' pi/4 and
θ0 ' 3pi/4 are created with a phase difference ∆ = pi/2. In this case,
as the plus component, at θ0 = 0 and θ0 = pi, no wave is generated
by the magnetic field of the star.
As the last and the main point in this subsection, it should be
noted that, at the inclination angle ι = pi/2, when the angle between
the rotation andmagnetic axes is about θ0 = pi/4 or θ0 = 3pi/4, there
is a possibility to receive a gravitational radiation from the magnetic
star with a maximum magnitude |H×F | ' 0.5 for the B-field part of
cross polarization. This fact can be easily grasped from the bottom
right panel of Fig. 3. On the other hand, under this condition, theGW
detectors cannot observe any wave generated by the corresponding
matter contribution. See the bottom panel of Fig. 4. Therefore, in
this special situation, i.e., when ι = pi/2, every cross-polarization
wave that is received from the rotatingmagnetar is only coming from
its B-field part and matter part has no portion. This interesting fact
helps us to discriminate between two different contributions of the
matter andmagnetic fields to GW signals. Also, this fact moderately
occurs for the plus polarization at θ0 = pi/2 whose magnitude is
about |H+F | ' 1.
3.3 Realistic model
In this subsection, we attempt to describe GWs emitted from a more
realistic rotating magnetar by applying the well-known force-free
model already started by Goldreich & Julian (1969) (hereafter GJ).
In this model, the region surrounding a rotating magnetic NS is
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Figure 2. Density plot of the B-field part of the scale-free plus polarization, H+F. The colored bar displays the magnitude of this component of GWs. The
dashed and solid curves represent the same-domain lines, i.e., H+F(θ0, τ) = const. We assume that the total phase is ω + ϕ0 = pi/2. Each panel belongs to a
different value for ι. Here, θ0 is expressed in radians.
studied. It is shown that these systems are not floating in a vacuum,
and they have a dense magnetosphere rotating with the same fre-
quency as the spinning star. In this model, the space around the star
is divided into three zones and the magnetic field configuration is
studied in each region. These regions include the near zone3, which
is restricted to the light cylinder with the radius r sin θ = c/Ω and
the height z = ±c/Ω, the wind zone, the region between the light
cylinder and a sphere with a radius r ∼ D/10 where D is the radius
of the supernova shell, and the boundary zone, from the radiusD/10
to D beyond which there is the interstellar material. It is also argued
that two different currents can generate the magnetic field around
the rotating magnetic NS. These currents are related to those inside
the star and those within the corotating magnetosphere. The former
is the main source of the poloidal component of the magnetic field,
and the latter produces the toroidal field. Furthermore, it is shown
that in the light cylinder, the major component is the poloidal one
determined approximately by the dipolemagnetic field. On the other
3 In order to distinguish between the near zone that we first encounter in the
PN calculation and the case introduced in this division, hereafter, we call
this region the light cylinder, and we keep the near zone concept in the PN
context.
hand, in the wave zone the toroidal component dominates; and it is
given by equation (14) in GJ.
Here, we utilize this model to specify the magnetic field con-
figuration around the rotating magnetar in the near zone, and then
describe GWs which can be emitted from this real system. To do
so, let us first recall the size of the near zone, i.e., R, in PN theory.
As we see before, it is a sphere with a radius of order λc = ctc
where tc is the characteristic time scale of the source. Here, for the
current system, we consider that tc is equal to the rotational period
of the magnetar, T = 2pi/Ω, and consequently we have R = cT .
Moreover, as mentioned previously, the size of the light cylinder
is of order ∼ c/Ω. Without loss of generality, we assume that this
light cylinder is limited to a three-dimensional light sphere with a
radius b ' c/Ω = cT/2pi. In fact, we introduce the cutoff parameter
b to determine the boundary of the corotating charge cloud. There-
fore, by comparing R and b, one can deduce that this light sphere
containing the corotating magnetosphere is completely embedded
within the near zone. This directly means that the PN approximation
works in a proper way for this system.
Now, we are in a position to determine the components of the
magnetic field in the near zone. In GJ, the magnetic field of the
rotating NS is considered to be symmetric around the rotational
axis, i.e., θ0 −→ 0 and µm = µmez in our previous calculations.
Although this symmetric configuration cannot radiate GW, we try
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Figure 3. Density plot of the B-field part of the scale-free cross polarization, H×F. In each panel, we have used a different value of ι. The colored bar displays
the magnitude of H×F. We also assume that the total phase is ω + ϕ0 = pi/4. Here, θ0 is expressed in radians.
to obtain the field piece of the mass quadrupole-moment tensor,
I jkF , for this system and estimate the magnitude of its components.
By applying this model, one can obtain
Bin =
2
3
µ0µm for r < a, (39a)
Bp =
µ0
3
µma3
r3
(
3 cos2 θ + 1
)1/2
for a < r < b, (39b)
Bt = −Bp
( ( r
b
)2 sin2 θ − 1)1/2 for r > b, (39c)
for the dominant components of the magnetic field in each region
in the near zone. As illustrated in GJ, the poloidal term, Bp, is the
major component in the corotating magnetosphere, i.e., a < r < b,
This component, as shown in Eq. (39b), has a dipole configuration.
In the wind zone, i.e., r > b, the dominant term is the toroidal
component, Bt4. According to this division of the near zone, we
rewrite the integral (12b) as
I jkF =
1
2µ0c2
[ ∫
r<a
B2in x
j xkd3x
+
∫
a<r<b
B2p x
j xkd3x +
∫
r>b
B2t x
j xkd3x
]
. (40)
4 For more detail, see section III and equation (14) of GJ.
In the following, we obtain the non-vanishing components of the
above tensor. E.g., for the x − x component of this tensor, we have
IxxF =
1
2µ0c2
[ ∫
fin (θ, ϕ) dΩ
∫ a
0
r4dr +
∫
fp (θ, ϕ) dΩ×( ∫ b
a
r−2dr −
∫ R
b
r−2dr
)
+
∫
ft (θ, ϕ) dΩ
∫ R
b
dr
]
, (41)
in which, as previous calculations, fin (θ, ϕ) = B2in sin2 θ cos2 ϕ,
and dΩ = sin θdθdϕ is an element of the solid angle.
Also, here, fp (θ, ϕ) = r6B2p sin2 θ cos2 ϕ, and ft (θ, ϕ) =(
r6/b2
)
B2p sin4 θ cos2 ϕ are the r-independent poloidal and toroidal
components, respectively. By inserting Eqs. (39a)-(39c) into Eq.
(41), one may straightforwardly integrate to obtain IxxF as follows
IxxF = 8A0
(
1 − a
21
( 38
b
− 14R −
10R
b2
))
,
where A0 is introduced in Subsec. 3.1. After deriving other non-
vanishing components of this tensor and also, as mentioned before,
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Figure 4. Density plot of the matter part of the scale-free polarizations. The
left and right panels exhibit H+M and H×M in terms of the dimensionless
retarded time and the inclination angle, respectively. Here, ι is expressed in
radians. We recall that, here, the deformation is caused by other physical
circumstances and it does not show the magnetically deformed star.
freely omitting the R-dependent terms, we finally arrive at
IxxF = 8A0
(
1 − 38
21
a
b
)
, (42a)
IyyF = 8A0
(
1 − 38
21
a
b
)
, (42b)
IzzF = 12A0
(
1 − 38
21
a
b
)
. (42c)
As it is obvious from the above relations, in addition to A0,
these components also involve the ratio of the star radius a to the
cutoff parameter b, i.e., a/b. It should be noted that by a similar
calculation, one can investigate that the ratio a/b also appears in
the components of Q jkabF . To estimate the role of this term in the
above equations, let us evaluate the magnitude of a/b. To do so,
we choose a typical NS with a radius a = 12 km and a rotational
period T = 10ms. For this realistic values, the ratio a/b is of order
∼ 10−2. Even for this rapidly rotating NS, we see that this term is
small. Therefore, one can freely ignore the term including a/b in
comparison with the first term in Eqs. (42a)-(42c).
Considering the above arguments and recalling our discussion
in Subsec. 3.1, in which we show that the corresponding tensor
of the simple model is only related to the term A0, one can con-
clude that if this realistic system can radiate GW, the B-field part
amplitude of the generated signal will be of the same order as the
vacuum model in Eq. (31b). In fact, here, this realistic system can
be well approximated by the simple dipole model. The validity of
this approximation is also illustrated in Gralla et al. (2017). So, we
can apply the previous results to describe the behavior of GW sig-
nals emitted by real magnetars. This means that our simple rotating
NS model presented in Subsec. 3.1 can be effectively helpful to
construct a viable model for a magnetar.
3.4 Application to magnetars
As wementioned in the introduction, the effect of the magnetic field
on GWs is studied in Bonazzola & Gourgoulhon (1996) (hereafter
BG). On the other hands, in BG, GWs are emitted from a rotating
NS deformed by the presence of its own magnetic field. It is shown
that this deformation is described by an ellipticity parameter given
by equation (33) of BG
 =
5pi
4µ0G
B2a4
M2
, (43)
where M is the mass of the star. In fact, this formula reveals the
contribution of the magnetic field to the deformation of NS, and
consequently the emission of GW signals to the leading order. It
should be recalled that by considering the influence of the magnetic
field on the matter distribution inside of NS, the equation (43) is
derived. So, we again call it the indirect effect of the magnetic
field on the ellipticity. On the other hand, here, we examine another
kind of ellipticity due to the presence of the inclined magnetic field
which is not parallel to the rotation axis, not because of its effect
on the dynamics of matter inside the star. From this perspective, as
mentioned before, our analysis has a significant difference with the
precedent works.
In the following, by using definitions (31a) and (31b), we at-
tempt to obtain magnetic ellipticity F which is directly induced
by the presence of the strong magnetic field inside and around the
magnetar to the 1PNorder. In order to take into account the influence
of the deviation of the magnetic and rotation axes on the magnetic
ellipticity, here, we insert sin θ0 term appearing in the B-field part
of Eqs. (30) and (33) into definition h0F. This effect on the ampli-
tude of GWs is completely explained in Subsec. 3.2. Therefore, we
rewrite Eq. (31b) as
h0F =
32
21
GA0Ω2
c4Rd
sin θ0. (44)
At this stage, comparing Eqs. (31a) and (44), we deduce that F =
8A0 sin θ0/21I3. This parameter, as Eq. (43), can be also rewritten
in terms of the magnetic field, radius, and mass of a star as
F =
4pi
189c2
µ0µ
2
ma
3
M
sin θ0 =
pi
21c2
B2a3
µ0M
sin θ0, (45)
after substituting the moment of inertia of the star with mass M ,
I3 = (2/5)Ma2, and the definition A0. In the above relation, we
also use this fact that B = (2/3) µ0µm. As expected, this parameter
does not play any role in the Newtonian order, and its leading effect
appears in the 1PNorder. Furthermore, when the magnetic field lines
are symmetric around the rotation axis, i.e., θ = 0 or θ = pi, the
ellipticity F vanishes. And consequently, as discussed in Subsec.
3.2, this symmetric magnetic field configuration does not generate
any wave. This issue is also reported in studies of the indirect
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Table 1. The GW amplitude of the magnetars
Name T ÛT B Rd h0F
(s)
(
10−11s s−1
) (
1010T
)
(kpc)
(
10−36
)
CXOU J010043.1 − 721134 8.02 1.88 3.9 62.4 0.8
4U 0142 + 61 8.69 0.20 1.3 3.6 1.4
SGR 0418 + 5729 9.08 4 × 10−4 0.061 ∼ 2 5.0 × 10−3
SGR 0501 + 4516 5.76 0.58 1.9 ∼ 2 12.1
SGR 0526 − 66 8.05 3.8 5.6 53.6 2.0
1E 1048.1 − 5937 6.46 ∼ 2.25 3.9 9.0 9.0
1E 1547.0 − 5408 2.07 ∼ 4.77 3.2 4.5 117.9
PSR J1622 − 4950 4.33 1.7 2.7 ∼ 9 9.6
SGR 1627 − 41 2.59 1.9 2.2 11.0 14.6
CXOU J164710.2 − 455216 10.61 < 0.04 < 0.66 3.9 0.2
1RXS J170849.0 − 400910 11.00 1.91 4.6 3.8 10.2
CXOU J171405.7 − 381031 3.83 6.40 5.0 ∼ 13.2 28.6
SGR J1745 − 2900 3.76 0.66 1.6 ∼ 8.5 4.7
SGR 1806 − 20 7.55 ∼ 49.5 20 8.7 179.0
XTE J1810 − 197 5.54 0.78 2.1 3.5 9.1
Swift J1822.3 − 1606 8.44 0.031 0.51 1.6 0.5
SGR 1833 − 0832 7.57 0.35 1.6 · · · 9.9
Swift J1834.9 − 0846 2.48 0.80 1.4 4.2 16.8
1E 1841 − 045 11.78 3.93 6.9 8.5 9.0
SGR 1900 + 14 5.20 9.2 7.0 12.5 32.2
1E 2259 + 586 6.98 0.05 0.59 3.2 0.5
Here, we assume that a = 10 km, M = 1.4M , and I = 1.1 × 1038kgm2. For each system, we have calculated the B-field part of the GW amplitude in the
fifth column. It should be noted since the distance of SGR 1833 − 0832 is not exactly specified in the literature, here as an estimation, we assume that Rd is of
the order ∼ 1kpc.
effect of the magnetic field on GWs (Bonazzola & Gourgoulhon
1996). One may take the ratio F/ as a parameter representing the
relative importance of indirect and direct effects of magnetic field
on the generation of GWs. It is easy to show that F/ ' 0.02RS/a,
where RS is the Schwarzschild radius of the magnetar. We know
that RS < a for magnetars, and consequently one may infer that
F/ < 0.02. This means that the direct impact of the magnetic
field on GW is small compared to its indirect effect. Therefore,
the main question that arises is: does this weak signal associated
with the direct impact of the magnetic field lie within the detection
resolution of the current GW detectors? In what follows, we try to
answer this question.
In order to numerically estimate the order of the magnitude
of the ellipticity parameter, we choose a typical magnetar with
B = 1015 G, M = 1.4M , and a = 10 km. Then, we have
F ' 4.7 × 10−9 sin θ0
(
B
1015 G
)2 ( a
10 km
)3 ( 1.4M
M
)
. (46)
One can show that for this typical magnetar, the indirect magnetic
ellipticity, i.e., Eq. (43), is about ∼ 6 × 10−7, confirming our above
mentioned description that F/ is always smaller than 0.02.
Now, we turn to assess the B-field part of the GW amplitude
frommagnetars. In the following, we first estimate h0F of the rapidly
rotating magnetic NS known as the millisecond magnetar, e.g.,
see Usov (1992), and we then study this amplitude which can be
produced by the 21 well-known magnetars classified in Olausen &
Kaspi (2014). The results are summarized in Table. 1. By rewriting
Eq. (31b) in terms of T and also using definition A0, one can obtain
that
h0F =
32
105
pi3G
µ0c6
B2a5
T2Rd
. (47)
Here, to describe the millisecond magnetar, we consider the typical
radius 12 km and mass 1.4M , e.g., see Dall’Osso et al. (2009).
Therefore, for this system with B = 1015 G, a = 12 km, and T =
10ms, we arrive at
h0F ' 5.5 × 10−28
(
B
1015 G
)2 ( a
12 km
)5 ( 10ms
T
)2 ( 1 kpc
Rd
)
, (48)
where we also assume this system can exist at Rd = 1 kpc. This is
the order of the magnitude of the nearest known magnetar (Olausen
& Kaspi 2014). Furthermore, for this system with a moment of in-
ertia of order I3 = (2/5)Ma2 ' 1038 kgm2 and a typical ellipticity
parameter M ' 10−6, one can obtain that the matter part of the
GW amplitude, h0M, is of order ∼ 4.1 × 10−26. So, as deduced
from these estimations, the B-field part of GWs released in the early
stages of a magnetar’s life can be as much as one-hundredth of the
signals due to the deformed rotating NSs. Obviously, the amplitude
h0F will increase for the models that predict a magnetic field of
magnitude more than 1015 G inside the rapidly rotating magnetars,
for example, see Thompson & Duncan (1993). Moreover, it is re-
cently shown that the magnetic field is not, in general, a dipole and
its multipole structure can more accurately describe a millisecond
magnetar (Riley et al. 2019; Lockhart et al. 2019). In this case, it is
also shown that the strength of the magnetic field on the surface of
these systems can increase (Gralla et al. 2016). In fact, the presence
of the multipole structure can enhance the B-field contribution to
GWs. So, to find more accurate results, the dipole field assump-
MNRAS 000, 1–18 (2020)
Gravitational radiation by magnetic field 13
tion should be modified in the future works. Regarding the complex
nature of the PN approach, as the first step, we have restricted our-
selves to the most simple model. Of course, this model is widely
implemented in the literature, e.g., see (Turolla et al. 2015).
As a final task in this subsection, let us gather the same cal-
culation for the 21 well-known magnetars in Table. 1. In this table,
from left to right, the name, period, its derivative, magnitude of
the magnetic field, and distance of the magnetars are expressed re-
spectively, and the B-field part of the GW amplitude is displayed
in the last column. As seen, the wave amplitude for most systems
is extremely small and is of order h0F ∼ 10−35. According to these
results, the strongest amplitude is related to SGR 1806− 20. There-
fore, according to the above discussion, it is seen that the magnetic
field associated with these real systems detected until now produces
very weak GW signals and its contribution in the final wave is
insignificant. It should be mentioned that, here, the magnetic field
inside these systems is predicted to be less than 1015 G, while, some
theories state that the strength of the magnetic field can be higher,
and be of order ∼ 1018 G (Usov 1992; Nakamura 1998; Kluźniak
& Ruderman 1998; Wheeler et al. 2000). So, it is possible if this
system exists, its magnetic field can emit the "loud" signals which
are detectable by the GW detectors. On the other hand, in the for-
mation scenario of magnetars, it is illustrated that they should be
born with ∼ 1ms spin period. E.g., see Dall’Osso et al. (2009).
Therefore, if the magnetar candidates were born with a very fast
rotating period, their B-field portion would have emitted a consid-
erable GW signal. In the following, we focus our attention on the
millisecond magnetars and study the amplitude and detectability of
these systems.
4 AMPLITUDE AND DETECTABILITY
In this section, we investigate the characteristic strain of the GW
emissions generated by the pure B-field part of the possible highly
magnetized astrophysical sources. Then, we compare it with the
sensitivity range of the current and future GW detectors. To do so,
let us rewrite the relation between the characteristic strain and the
GW amplitude. See figure (A1) and equation (35) of Moore et al.
(2014). By considering the characteristic strain of the detectors hc
in the frequency range f , we have
hc ( f ) =
√
2 f 2
Ûf h0, (49)
in which Ûf shows the variation of the frequency in terms of the time.
By using the above relation and considering hc of the detectors, one
can conclude that after several years of integration, the LIGO and
Virgo can observe the wave with the minimum amplitude of order
10−26 in the frequency range 102 Hz. In Fig. 5, we attempt to display
the characteristic strain of GW emitted only by the B-field part of
the millisecond magnetar which is studied in the previous section.
In this case, by considering hc only for the magnetic contribution
in the frequency range f , Eq. (49) reduces to
hc ( f ) =
√
2 f 2
Ûf h0F. (50)
Here, we also illustrate the sensitivity curves of the GWdetectors in
order to indicate the signals which are strong enough to be observed
by detectors. As it is obvious from Fig. 5, due to the very low
characteristic strain of the real magnetars which are introduced in
Figure 5. The characteristic strain in terms of the frequency. The solid
colored lines represent the sensitivity curves of the GW detectors and the
colored areas show the expected GW strain of the astrophysical systems.
To compare our results with the promising and detected sources of GWs,
we also illustrate the signal strain of the massive binaries, compact binary,
GW150914, and so on. This plot is produced with a useful tool at http:
//gwplotter.com introduced in Moore et al. (2014).
Subsec. 3.4, they cannot be observed by the current detectors in the
frequency band 10−1 Hz < f < 1Hz.
Before turn to obtain hc of the millisecond magnetars, let us
briefly review two scenarios of forming a millisecond magnetar. It
is stated that this system can form in the core-collapse supernovae
(SNe) or can be the remnant of BNSmergers (Dall’Osso et al. 2018).
Based on these two scenarios, we consider two distance scales,
i.e., intra-galactic and extra-galactic distances, where a millisecond
magnetar may exist.
We first obtain hc of a intra-galactic millisecond magnetar.
Here, we assume the typical millisecond magnetar with B = 1015 G
and Rd = 1 kpc. We also assume that the time of integration is of
the order of a few days. In fact, we consider that this time is equal
to the spin-down timescale of the millisecond magnetars tsd given
by tsd ' 4.7 day B−214 T2ms in which Tms = T0/1ms is the scaled birth
spin period of NS T0 and B14 = Bd/1014 G is the surface dipole
magnetic field Bd that is normalized to 1014 G (Metzger et al. 2017).
In this case, one may write Ûf ' f /tsd, and consequently we have
hc( f ) ' 5.0 × 10−27 f 3/2. We find that the characteristic strain of
this intra-galacticmillisecondmagnetar is of the order 1.8×10−24 .
hc . 1.6 × 10−22 in the frequency band 50Hz 6 f 6 103 Hz. The
characteristic strain of this millisecond magnetars in terms of the
frequency is displayed by a light blue area in Fig. 5. As shown, this
area enters the sensitivity range of the several GW detectors, i.e.,
some part of this area lies above the sensitivity curve of the detectors.
This means that the signal-to-noise ratio (S/N) can be large enough
to be detected (Moore et al. 2014). So, this millisecond magnetar
which is in its early stages of evolution can emit loud signals that are
audible to these detectors. But as grasp from this light blue box, if
the magnetar candidates were born with a lower frequency of order
102 Hz, S/N would dramatically reduce. Furthermore, at the low-
frequency band, < 10Hz, one can show that only a super-strong
magnetar with B > 1016 G may generate strong GWs. But these
waves are beyond the frequency band of the detectors like CE and
ET and they may be so hardly detected by DECIGO and BBO.
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We should keep in mind that only millisecond magnetars with
B ' 1015 G can generate such loud signals. To clarify this issue,
the characteristic strain of a similar millisecond magnetar with B =
1014 G is also exhibited in Fig. 5. As it is obvious, considering
the yellow area reveals that S/N is insignificant for this system.
Furthermore, in order to have amore realistic perspective, we should
consider the millisecond magnetar birth rate. In Kalogera et al.
(2001), it is estimated that the galactic BNS coalescence rate is
of the order ' 10−6 − 5 × 10−4 yr−1. Moreover, the core-collapse
SN rate is estimated of 2.30 ± 0.48 SNe per century within the
Milky Way Galaxy (Li et al. 2011; Timmes et al. 1997). So, one
can conclude that in the intra-galactic distances, the millisecond
magnetar birth rate may lie in the range (2.30 ± 0.48) × 10−2 yr−1.
Next, by considering the definition (50), one can show that
the characteristic strain of an extra-galactic millisecond magnetar
which can be formed in the core-collapse of SNe, even for the super-
strong magnetic field, is of order < 10−24. Therefore, the magnetic
field of this system produces very faint GW signals so that they
cannot be observed by the future third-generation detectors like
ET and CE. In this scenario of forming a millisecond magnetar,
its birth rate is of the order & 0.01 yr−1 within the local extra-
galactic distance 4Mpc (Dall’Osso et al. 2018). Moreover, it is
shown that the event rate of BNS mergers is approximately of order
∼ (0.9 − 13) × 10−4 yr−1 within 4Mpc (Dall’Osso et al. 2018).
Therefore, millisecond magnetars are expected to form by rate &
0.01 event per year within this distance.
5 SUMMARY AND CONCLUSION
In this paper, we have attempted to study the direct effect of the
magnetic field on GWs. In Sec. 2, we have studied the multipole
moments constructing the PN gravitational potential and estimated
the PN order of these moments. To do so, we have utilized the result
of Nazari & Roshan (2018) which is briefly reviewed in Subsec.
2.1. It has been shown that the direct role of the magnetic field
appears, at least, in the 1PN order. To determine the magnitude of
this direct influence, we have computed the quadrupole-moment
and 4-pole-moment tensors (i.e., I jkF and Q
jkab
F , respectively) for
NSs which have a strong magnetic field. One can easily investigate
that by dropping the B-field part of our derivations, the ordinary
formula of the deformed rotating NS can be recovered.
In Sec. 3, the rotating magnetar has been studied. Because
the configuration of the magnetic field is unknown in this system,
we have chosen the simplest model, the vacuum dipole model, and
obtained the B-field part of the quadrupole-moment and 4-pole-
moment tensors. Moreover, we derived the plus and cross polariza-
tions which contain the B-field part in Subsec. 3.1. In fact, we have
shown, for the first time, that the presence of the magnetic field can
directly alter both the waveform, H+,×, and amplitude, h0, of GW
signals to 1PNorder. Then, in Subsec. 3.2, we have studied the scale-
free polarizations H+F and H×F which govern the behavior of the
PNwaveforms emitted from the magnetic field of this system. To do
so, we have evaluated the dependency of these polarizations on the
different angles, e.g., the inclination angle ι and the angles between
the magnetization and z and x-axes, i.e., θ0 and ϕ0, respectively.
It turns out that for the various value of ϕ0, the partial con-
structive and destructive interferences of two matter and B-field
waves can occur. We have illustrated when ι = 0 (ι = pi/2), the GW
detectors receive very strong (weak) waves from both matter and
B-field contributions. In general, GWs generated by the magnetic
field of this system can propagate with two frequencies Ω and 2Ω
while the matter part only oscillates with one frequency 2Ω. Also,
for ι = (n + 1) pi/2 (ι = npi) in which n = 0, 1, 2, . . . , H+F and H×F
are the monochromatic waves with the frequencies 2Ω (2Ω) and Ω
(2Ω), respectively. And in the angle ι = (n + 1) pi/2, the matter part
of the cross component completely damps and the corresponding
plus polarization slightly oscillates with the frequency 2Ω. Further-
more, it has been seen as long as the magnetic axis is parallel to the
rotation axis, i.e., θ0 = npi where n = 0, 1, 2, . . . , the B-field part of
the plus and cross polarizations vanish.
Moreover, we have shown that for all values of ι, the strongest
plus polarization occurs at θ0 = pi/2 and the peaks of the cross po-
larization move with respect to θ0 by increasing ι. We have specially
displayed that there is a condition, i.e., when ι = pi/2, under which
the matter part produces no wave, but the B-field part can emit the
GW signals.
In Subsec. 3.3, by considering the realistic model which has a
dense rotating magnetosphere, we have concluded that this realistic
system can radiate GWs with the same order as the vacuum model.
In Subsec. 3.4, we have estimated the B-field part amplitude of the
millisecond magnetar. The GW amplitudes of the 21 well-known
magnetars have been also studied in Table. 1. One can see that h0F
of most magnetars is extremely weak and is about 10−35. Finally, by
considering the sensitivity of the detectors in the frequency range
of 10Hz < f < 103 Hz, we have studied the detectability of the
B-field part of GW emitted from the millisecond magnetar in Sec.
4.
By regarding the results of Sec. 4, one may conclude that only
B-field GW coming from millisecond magnetars with B = 1015 G
located at galactic distances are detectable. In fact, if the intra-
galactic magnetar candidates were born with a very fast rotating
period ∼ 1ms and dipole B-fields ∼ 1015 G, their magnetic field
would emit a strong GW signal so that it could be detected by the
third-generation detectors in the first few days after their formation.
However, by considering the millisecond magnetar birth rate within
this distance, these systems are less likely to be observed.
In this paper, we have considered several simple assumptions,
e.g., the magnetic field configuration is a tilted dipole, under which
the hypothesis of B-field GW emission from a nearby millisec-
ond magnetar can be established. Although we should keep it in
mind that more realistic conditions as considering the multipole
B-field structure and adding processes that can change the angle θ0
and subsequently affect the efficiency of the gravitational radiation
(Dall’Osso et al. 2009; Lander & Jones 2018) can provide more
accurate results.
Another point is what could be learned from this type of detec-
tion. First, constructing a suitable model consistent with the proper-
ties of the signal, like themethod introduced inAbbott et al. (2017c),
could be used for a single rotating magnetar to measure ι. Further-
more, utilizing electromagnetic data of millisecond magnetars and
measuring H× and H+ of the corresponding gravitational-wave sig-
nals, it can be expected that ι is precisely measurable. Second, for
the case ι ' pi/2, an interesting situation may happen in reality.
Assume a nascent magnetar that its intrinsic parameters are known.
For typical NS characteristics and M ' 10−6, it is theoretically
expected that this deformed system would be a gravitational wave
source with an amplitude of order ∼ 10−24. On the other hand, in
this thought experiment, the detectors just observe a much weaker
signal emitted from this system. One may infer from comparing the
waveform HF with HM, especially for the cross polarizations, that
the inclination angle of this is about ∼ pi/2, and the detected signal
is actually originated from the pure part of the magnetic field. It
should be noted that considering ι ' pi/2 is not far from reality and
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a system with such an inclination angle may be seen in nature (Ng
& Romani 2008). However, as we have discussed the event rate of
millisecond magnetar at galactic distances is small. Accordingly,
the probability of observing ι ' pi/2 would also be small.
Third, by considering the minimum value of the sensitivity
of the GW detectors hmin and applying the constrain hc < hmin,
one can derive a limit on the millisecond magnetar parameters, es-
pecially, on B and Rd, for which the detectors cannot monitor the
B-field gravitational waves. In fact, searches for GWs generated
by magnetic fields of millisecond magnetar at birth can rule out
the possibility of a millisecond magnetar with a super-strong mag-
netic field. Finally, considering the simple two-dimensional mag-
netic fields that are proportional to cos nϕ, one can estimate that
the B-field GWwaveform is proportional to cos n (Ωt + ϕ) after ap-
plying the definitions (12b) and (12c). Here, n = 1, 2, 3, · · · stands
for the dipole, quadrupole, and sextupole magnetic field, respec-
tively. So, knowing the frequency of the rotating magnetars Ω and
comparing it with those of GW signals received, one can deduce
the n-value and consequently, a multi-polar field structure of the
millisecond magnetars.
As the direct contribution of the magnetic field seems to be
impressive, in the sequel, it would be interesting to study the black
hole-magnetar and magnetar-magnetar binary systems and evaluate
the direct contribution of the magnetic field associated with these
systems to the gravitational-wave signal (Nazari & Roshan 2020).
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APPENDIX A: SUPPLEMENTARY RELATIONS AND SCHEMES
In order to avoid displaying too many equations, we have extracted the components of the 4-pole-moment tensor Q jkabF from the main text
of this paper and introduced them in the current appendix. To obtain the components of Q jkabF for the single magnetar, we utilize the same
method as mentioned in Subsec. 3.1. Hereafter, for the sake of brevity, we will omit the index "F" and exhibit the 4-pole-moment tensor as
Q jkab . After simplifying and some manipulations, we arrive at
Qxxxx = A0
21
(
97 + 11 cos 2θ0 − 22 sin2 θ0 cos 2ϕ0
)
,
Qxxxy = 8A0
7
sin2 θ0 sin 2ϕ0,
Qxxxz = 8A0
7
sin 2θ0 cos ϕ0,
Qxxyy = A0
21
(
37 − cos 2θ0 − 70 sin2 θ0 cos 2ϕ0
)
,
Qxxyz = 12A0
7
sin 2θ0 sin ϕ0,
Qxxzz = A0
21
(
55 + 53 cos 2θ0 − 34 sin2 θ0 cos 2ϕ0
)
,
Qyyxx = A0
21
(
37 − cos 2θ0 + 70 sin2 θ0 cos 2ϕ0
)
,
Qyyxy = 8A0
7
sin2 θ0 sin 2ϕ0,
Qyyxz = 12A0
7
sin 2θ0 cos ϕ0,
Qyyyy = A0
21
(
97 + 11 cos 2θ0 + 22 sin2 θ0 cos 2ϕ0
)
,
Qyyyz = 8A0
7
sin 2θ0 sin ϕ0,
Qyyzz = A0
21
(
55 + 53 cos 2θ0 + 34 sin2 θ0 cos 2ϕ0
)
,
(A1)
for the x − x − j − k and y − y − j − k components. For the x − y − j − k and x − z − j − k components we have
Qxyxx = −46A0
21
sin2 θ0 sin 2ϕ0,
Qxyxy = 2A0
7
(
5 + cos 2θ0
)
,
Qxyxz = −2A0
7
sin 2θ0 sin ϕ0,
Qxyyy = −46A0
21
sin2 θ0 sin 2ϕ0,
Qxyyz = −2A0
7
sin 2θ0 cos ϕ0,
Qxyzz = −34A0
21
sin2 θ0 sin 2ϕ0,
Qxzxx = −46A0
21
sin 2θ0 cos ϕ0,
Qxzxy = −2A0
7
sin 2θ0 sin ϕ0,
Qxzxz = 4A0
7
(
2 cos2 θ0 + sin2 θ0
(
3 − cos2 ϕ0
) )
,
Qxzyy = −34A0
21
sin 2θ0 cos ϕ0,
Qxzyz = −4A0
7
sin2 θ0 sin ϕ0 cos ϕ0,
Qxzzz = −46A0
21
sin 2θ0 cos ϕ0.
(A2)
Similarly for the y − z − j − k and z − z − j − k components in the rotating frame, one may find
Qyzxx = −34A0
21
sin 2θ0 sin ϕ0,
Qyzxy = −2A0
7
sin 2θ0 cos ϕ0,
Qyzxz = −4A0
7
sin2 θ0 sin ϕ0 cos ϕ0,
Qyzyy = −46A0
21
sin 2θ0 sin ϕ0,
Qyzyz = A0
7
(
9 − cos 2θ0 + 2 sin2 θ0 cos 2ϕ0
)
,
Qyzzz = −46A0
21
sin 2θ0 sin ϕ0,
Qzzxx = 4A0
21
(
5 − 13 cos 2θ0 + 9 sin2 θ0 cos 2ϕ0
)
,
Qzzxy = 12A0
7
sin2 θ0 sin 2ϕ0,
Qzzxz = 8A0
7
sin 2θ0 cos ϕ0,
Qzzyy = 4A0
21
(
5 − 13 cos 2θ0 − 9 sin2 θ0 cos 2ϕ0
)
,
Qzzyz = 8A0
7
sin 2θ0 sin ϕ0,
Qzzzz = 2A0
21
(
43 − 11 cos 2θ0
)
.
(A3)
It should be mentioned that, as it is obvious from the definition of Q jkabF , see Eq. (12c), this tensor is symmetric under the exchange of the
first pair of indices, j and k, as well as the second pair of indices, a and b. By applying the tensor transformation law (23), we obtain the
components of the 4-pole-moment tensor in the non-rotating frame as
Qx′x′x′x′ = A0
21
(
97 + 11 cos 2θ0 − 22 sin2 θ0 cos 2 (Ωt + ϕ0)
)
,
Qx′x′x′y′ = 8A0
7
sin2 θ0 sin 2 (Ωt + ϕ0) ,
Qx′x′x′z′ = 8A0
7
sin 2θ0 cos (Ωt + ϕ0) ,
Qx′x′y′y′ = A0
21
(
37 − cos 2θ0 − 70 sin2 θ0 cos 2 (Ωt + ϕ0)
)
, (A4)
Qx′x′y′z′ = 12A0
7
sin 2θ0 sin (Ωt + ϕ0) ,
Qx′x′z′z′ = A0
21
(
55 + 53 cos 2θ0 − 34 sin2 θ0 cos 2 (Ωt + ϕ0)
)
,
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for the x′ − x′ − j ′ − k ′ components. For y′ − y′ − j ′ − k ′ components, we obtain
Qy′y′x′x′ = A0
21
(
37 − cos 2θ0 + 70 sin2 θ0 cos 2 (Ωt + ϕ0)
)
,
Qy′y′x′y′ = 8A0
7
sin2 θ0 sin 2 (Ωt + ϕ0) ,
Qy′y′x′z′ = 12A0
7
sin 2θ0 cos (Ωt + ϕ0) , (A5)
Qy′y′y′y′ = A0
21
(
97 + 11 cos 2θ0 + 22 sin2 θ0 cos 2 (Ωt + ϕ0)
)
,
Qy′y′y′z′ = 8A0
7
sin 2θ0 sin (Ωt + ϕ0) ,
Qy′y′z′z′ = A0
21
(
55 + 53 cos 2θ0 + 34 sin2 θ0 cos 2 (Ωt + ϕ0)
)
.
Moreover, the x′ − y′ − j ′ − k ′ and x′ − z′ − j ′ − k ′ components are
Qx′y′x′x′ = −46A0
21
sin2 θ0 sin 2 (Ωt + ϕ0) ,
Qx′y′x′y′ = 2A0
7
(
5 + cos 2θ0
)
,
Qx′y′x′z′ = −2A0
7
sin 2θ0 sin (Ωt + ϕ0) ,
Qx′y′y′y′ = −46A0
21
sin2 θ0 sin 2 (Ωt + ϕ0) ,
Qx′y′y′z′ = −2A0
7
sin 2θ0 cos (Ωt + ϕ0) ,
Qx′y′z′z′ = −34A0
21
sin2 θ0 sin 2 (Ωt + ϕ0) ,
Qx′z′x′x′ = −46A0
21
sin 2θ0 cos (Ωt + ϕ0) ,
Qx′z′x′y′ = −2A0
7
sin 2θ0 sin (Ωt + ϕ0) ,
Qx′z′x′z′ = 4A0
7
(
2 cos2 θ0 + sin2 θ0
(
3 − cos2 (Ωt + ϕ0)
) )
,
Qx′z′y′y′ = −34A0
21
sin 2θ0 cos (Ωt + ϕ0) ,
Qx′z′y′z′ = −4A0
7
sin2 θ0 sin (Ωt + ϕ0) cos (Ωt + ϕ0) ,
Qx′z′z′z′ = −46A0
21
sin 2θ0 cos (Ωt + ϕ0) .
(A6)
And finally, we find the y′ − z′ − j ′ − k ′ and z′ − z′ − j ′ − k ′ components as follows
Qy′z′x′x′ = −34A0
21
sin 2θ0 sin (Ωt + ϕ0) ,
Qy′z′x′y′ = −2A0
7
sin 2θ0 cos (Ωt + ϕ0) ,
Qy′z′x′z′ = −4A0
7
sin2 θ0 sin (Ωt + ϕ0) cos (Ωt + ϕ0) ,
Qy′z′y′y′ = −46A0
21
sin 2θ0 sin (Ωt + ϕ0) ,
Qy′z′y′z′ = A0
7
(
9 − cos 2θ0 + 2 sin2 θ0 cos 2 (Ωt + ϕ0)
)
,
Qy′z′z′z′ = −46A0
21
sin 2θ0 sin (Ωt + ϕ0) ,
Qz′z′x′x′ = 4A0
21
(
5 − 13 cos 2θ0 + 9 sin2 θ0 cos 2 (Ωt + ϕ0)
)
,
Qz′z′x′y′ = 12A0
7
sin2 θ0 sin 2 (Ωt + ϕ0) ,
Qz′z′x′z′ = 8A0
7
sin 2θ0 cos (Ωt + ϕ0) ,
Qz′z′y′y′ = 4A0
21
(
5 − 13 cos 2θ0 − 9 sin2 θ0 cos 2 (Ωt + ϕ0)
)
,
Qz′z′y′z′ = 8A0
7
sin 2θ0 sin (Ωt + ϕ0) ,
Qz′z′z′z′ = 2A0
21
(
43 − 11 cos 2θ0
)
.
(A7)
This is obvious in the sense that this coordinate transformation, like transformation ofI jk , is equivalent to the following change: ϕ0 → (Ωt+ϕ0)
in the Q jkab components. As the next step, by evaluating the second time derivatives of the 4-pole-moment tensor, we obtain its components
as
ÜQx′x′x′x′ = 88A0Ω
2
21
sin2 θ0 cos 2 (Ωt + ϕ0) ,
ÜQx′x′x′y′ = −32A0Ω
2
7
sin2 θ0 sin 2 (Ωt + ϕ0) ,
ÜQx′x′x′z′ = −8A0Ω
2
7
sin 2θ0 cos (Ωt + ϕ0) ,
ÜQx′x′y′y′ = 40A0Ω
2
3
sin2 θ0 cos 2 (Ωt + ϕ0) ,
ÜQx′x′y′z′ = −12A0Ω
2
7
sin 2θ0 sin (Ωt + ϕ0) ,
ÜQx′x′z′z′ = 136A0Ω
2
21
sin2 θ0 cos 2 (Ωt + ϕ0) ,
ÜQy′y′x′x′ = −40A0Ω
2
3
sin2 θ0 cos 2 (Ωt + ϕ0) ,
ÜQy′y′x′y′ = −32A0Ω
2
7
sin2 θ0 sin 2 (Ωt + ϕ0) ,
ÜQy′y′x′z′ = −12A0Ω
2
7
sin 2θ0 cos (Ωt + ϕ0) ,
ÜQy′y′y′y′ = −88A0Ω
2
21
sin2 θ0 cos 2 (Ωt + ϕ0) ,
ÜQy′y′y′z′ = −8A0Ω
2
7
sin 2θ0 sin (Ωt + ϕ0) ,
ÜQy′y′z′z′ = −136A0Ω
2
21
sin2 θ0 cos 2 (Ωt + ϕ0) ,
(A8)
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for ÜQx′x′ j′k′ and ÜQy′y′ j′k′ ,
ÜQx′y′x′x′ = 184A0Ω
2
21
sin2 θ0 sin 2 (Ωt + ϕ0) ,
ÜQx′y′x′y′ = 0,
ÜQx′y′x′z′ = 2A0Ω
2
7
sin 2θ0 sin (Ωt + ϕ0) ,
ÜQx′y′y′y′ = 184A0Ω
2
21
sin2 θ0 sin 2 (Ωt + ϕ0) ,
ÜQx′y′y′z′ = 2A0Ω
2
7
sin 2θ0 cos (Ωt + ϕ0) ,
ÜQx′y′z′z′ = 136A0Ω
2
21
sin2 θ0 sin 2 (Ωt + ϕ0) ,
ÜQx′z′x′x′ = 46A0Ω
2
21
sin 2θ0 cos (Ωt + ϕ0) ,
ÜQx′z′x′y′ = 2A0Ω
2
7
sin 2θ0 sin (Ωt + ϕ0) ,
ÜQx′z′x′z′ = 8A0Ω
2
7
sin2 θ0 cos 2 (Ωt + ϕ0) ,
ÜQx′z′y′y′ = 34A0Ω
2
21
sin 2θ0 cos (Ωt + ϕ0) ,
ÜQx′z′y′z′ = 8A0Ω
2
7
sin2 θ0 sin 2 (Ωt + ϕ0) ,
ÜQx′z′z′z′ = 46A0Ω
2
21
sin 2θ0 cos (Ωt + ϕ0) ,
(A9)
for ÜQx′y′ j′k′ and ÜQx′z′ j′k′ , and
ÜQy′z′x′x′ = 34A0Ω
2
21
sin 2θ0 sin (Ωt + ϕ0) ,
ÜQy′z′x′y′ = 2A0Ω
2
7
sin 2θ0 cos (Ωt + ϕ0) ,
ÜQy′z′x′z′ = 8A0Ω
2
7
sin2 θ0 sin 2 (Ωt + ϕ0) ,
ÜQy′z′y′y′ = 46A0Ω
2
21
sin 2θ0 sin (Ωt + ϕ0) ,
ÜQy′z′y′z′ = −8A0Ω
2
7
sin2 θ0 cos 2 (Ωt + ϕ0) ,
ÜQy′z′z′z′ = 46A0Ω
2
21
sin 2θ0 sin (Ωt + ϕ0) ,
ÜQz′z′x′x′ = −48A0Ω
2
7
sin2 θ0 cos 2(Ωt + ϕ0),
ÜQz′z′x′y′ = −48A0Ω
2
7
sin2 θ0 sin 2(Ωt + ϕ0),
ÜQz′z′x′z′ = −8A0Ω
2
7
sin 2θ0 cos(Ωt + ϕ0),
ÜQz′z′y′y′ = 48A0Ω
2
7
sin2 θ0 cos 2(Ωt + ϕ0),
ÜQz′z′y′z′ = −8A0Ω
2
7
sin 2θ0 sin(Ωt + ϕ0),
ÜQz′z′z′z′ = 0,
(A10)
for ÜQy′z′ j′k′ and ÜQz′z′ j′k′ .
MNRAS 000, 1–18 (2020)
